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Abstract 
The paper deals with the mathematical modelling of a class of unilateral elastic-plastic contact problems. The problem 
is posed in the framework of the so-called slackened systems. The considerations are confined to small strains and 
piecewise linear approximations of the yield surface and the clearance surface. An incremental formulation isproposed in 
the form of a linear complementarity problem (LCP). The formulation allows one to analyse astructural system which 
can be subjected to nonproportional loading paths. The included numerical results illustrate the application of this 
formulation to an elastic-plastic beam that comes into contact with a unilateral elastic-plastic foundation. 
Keywords: Elastoplasticity; Unilateral contact; Linear complementarity problem 
1. Introduction 
There are many cases of practical importance in which engineering structures exhibit some 
clearances (gaps) at the joints of structural elements. These so-called slackened systems [8] 
constitute a class of unilateral contact problems. In this paper we consider a wide range of 
unilateral elastic-plastic contact problems, which can be modelled within the theory of slackened 
systems. 
The mathematical programming approach to structural problems in plasticity with piecewise 
linearized yield criteria was applied by Maier [17], Kaneko [12], Maier, Cohn, Grierson and their 
co-workers, see proceedings [3] for a survey of issues involved and further references. This 
approach was also used by Borkowski [2]. The extension of these ideas to the slackened systems is 
due to Gaw¢cki [7-9]. The mathematical analysis of variational inequality formulations of 
unilateral contact problems and plasticity problems was carried out by Duvaut and Lions [6], 
Ne6as and Hlavfi&k [19], Kikuchi and Oden [13], Panagiotopoulos [21] and Nedoma [20]. The 
formulation presented in this paper takes advantage of the fact that both the relations of plasticity 
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and those of slackening (unilateral contact) are defined by complementarity conditions. It should 
also be mentioned that the complementarity conditions are equivalent to a variational inequality, 
and this observation was used in the variational inequality approach to a unilateral viscoelastic 
contact problem by Kuczma [14], and recently to problems in the theory of plastic flow by 
Kuczma and Stein [15], Kuczma and Whiteman [16]. 
In this paper our aim is to provide an incremental computer-oriented formulation for structural 
slackened systems which may be subjected to a complex history of loading. We have assumed that 
the behaviour of the material can be described by piecewise lastic-plastic constitutive laws and 
linear kinematical relations. In [8] the concept of the clearance surface was introduced, and the 
normality law derived for the case of no friction forces at the joints. On applying the finite element 
approximation we describe the discrete incremental problem by a system of equations and 
inequalities defined on the independent fields of displacement u, increment of plastic multiplier A2, 
and multiplier ~k. Stress multiplier ~ arises in the formulation due to the presence of clearances, and 
therefore can be used to control the unilateral contact conditions. Usually, the solution to the 
problem has been determined by minimizing a suitable potential corresponding to the system of 
equations and inequalities [8, 11], or using the trial-and-error method [10]. In this contribution we 
formulate and solve directly the incremental piecewise holonomic problem as a Linear Comp- 
lementarity Problem (LCP). 
In the next section we recall the basic relations for the discrete slackened elastic-plastic systems. 
We then define the incremental problem and express it in the form of LCP. Finally, as an 
illustration of this formulation we present the results of some numerical experiments for the contact 
problem of a slackened elastic-plastic beam with a unilateral elastic-plastic foundation. In this 
particular case we have modelled the system by applying beam elements and truss elements, the 
latter for the foundation. 
2. Slackened elastic-plastic systems 
The relations for slackened elastic-plastic systems have been discussed in detail in [7], cf. also 
[8, 9]. Imposing some continuity conditions on the independent variables involved, these relations 
are usually expressed in matrix, finite dimensional form for the system as a whole by assembling the 
contributions of the analogous relations of all the finite elements. It is worth mentioning, however, 
that the approximations of the displacement and plastic multiplier fields should satisfy some 
consistency conditions within a generic finite element, as demonstrated byCorradi [4]. Let u be the 
vector of nodal displacements, p the vector of external (nodal) loads, and let e, and a denote 
respectively the generalized strain and stress vectors consistent in the sense of the virtual work equation 
pTu = are,. (1) 
Under th e assumptions adopted we can define a slackened elastic-plastic system by the following 
relations: 
General relations 
(I) e, = Cu, geometric ompatibility, 
(2) p = CVa, equilibrium, 
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Strain decomposition 
(3) e = £L "[- 8E "[- £P, 
Linear elasticity 
(4) I~ E = E-  10", 
Plasticity 
(5) ~, = N)., associative flow rate, 
(6)), >/0, 
(7) f = NTo  " - -  H~, - -  k ~ 0, yield function, 
(8 ) ) I "  . f=  0, 
Slackenino (unilateral contact) 
(9) ~r = MqJ, normality law, 
(lO) >/o, 
(11) g = M%L -- l <~ O, clearance function, 
(12) I~t T .g  = 0, 
(2) 
wherein C is the kinematic compatibility matrix, whose transpose C x defines the equili- 
brium condition. The total, small strain vector is additively split into clearance ~L, elastic eE and 
plastic np parts. E-1 is the inverse of the symmetric, positive definite matrix of elasticity and 
describes linear elastic behaviour. The development of plasticity effects is governed by comp- 
lementarity conditions (2)6-(2)8, in which the piecewise linear yield function (2)7 is defined 
by matrix N containing outward normal vectors to all segments of yield function f and linear 
hardening matrix H, ), is the rate of plastic multiplier 2, and by the associative flow rule (2)5. 
The slackening (or unilateral contact without friction) relations (2)9-(2)12 have a similar 
structure. Vectors k and ! represent values of the plastic and clearance moduli defined at 
the element level. It should be stressed that entries and dimensions of the above matrices 
depend upon approximations applied, and the specific form of these matrices for the approxima- 
tions used in numerical calculations will be given in Section 4. Before expressing relations (2) 
in a form suitable for numerical treatment, we first define the incremental problem in finite 
increments. 
3. The incremental problem and LCP formulation 
The plastic deformation process is path-dependent. Hence, only in the special, holonomic 
case (proportional external loading and no local unloading) the solution to the problem deter- 
mined for the final value of loading is true. In the general case, an incremental nalysis of the 
process must be performed. Let t e [0, ?], ? < ~,  be the time-like parameter which, as known, 
merely labels the events of the process and let the time interval [0, I] be divided into subintervals by 
selecting points to =0,  tl, ... ,t~-l,t~,t~+l, ... ,tn =/-, on the time-axis. A typical time-step 
t~_ 1 ~ t~ consists in updating the known state of the system at previous time level t~_ 1 to the 
state at current ime level t,. In the sequel we shall denote vectors at a fixed time t~ with superscript 
T, e.g., u ' -u (z ) .  As can be seen from (2) only the plastic strain and plastic multiplier vectors 
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need to be expressed in incremental form, i.e., 
2r = 2r-1 _.]_ A2r, 
el, = el,- 1 + Ae~,, 
(3) 
where A is the symbol of a finite increment. 
By virtue of this observation we can rewrite the defining relations (2) for two successive time 
levels as follows: 
Time level t = tr-1 
(1) e*- 1 = Cu r- 1, 
(2) i f -  1 = cTar -  1, 
(3) e ~-1 =eL -1 +e~ -1 -{'- e~ -1 ,  
(4) e]~ -1 =E- lo  " r - l ,  
(5) A*~,- 1 = NA 2 r- 1, 
(6) A2 r- 1 ~ O, 
(7) f ' -  1 = NTo.r - 1 __ H~f- i __ k ~< 0, 
(8) 0 ---- (h~ r-  1)T.fT-- 1, 
(9) a ~-1 = M~h r- l ,  
(10) Cr-1 ~ O, 
(11) g*- 1 ..~ MTe[ - 1 __ 1 ~< 0, 
(12) 0 = (~,*- X)T.g,- 1, 
Time level t = tr 
~r = CU t, 
p* = cTar,  
g = eL + e[ + e~,, 
erE = E - l tT r ,  
A e~, = NA 2", 
A2 r >~0, 
f r=Nrar_H(M- t  +A2 r ) -k~<0,  
0 = (z~,'r) T . f r ,  
a* = Mqf ,  
qf  >>. O, 
gr = MT~[  _ ! ~< O, 
0 = (¢,)T .g~. 
(4) 
By substituting the stresses from (4)9 into (4)2 and (4)7, and making use of split (4)3 we can rephrase 
(4) for time t = t, as 
C TMI~t - -  p* = O, 
( _ fT  = ) HA 2' - NTMI ] f  + k + H,U- 1 ~ 0, (5) 
( _  gr = )MTNA 2r _ MTCu r + MTE - 1M~ f + 1 + MTe~ - 1 >1 O, 
with 
A2 r~>0, q f />0 and (A2*) T . f *=0,  (~,, )T.g,=0. (6) 
The two unknown vectors of (5), A 2' and ~,', should satisfy the nonnegativity condition, cf. (6), and 
the orthogonality condition with respect o the conjugate variable, (5)2 and (5)3, respectively. To 
obtain similar conditions for the third unknown vector u', we decompose it into a positive part, u*+, 
and a negative part, u L, 
u" = u~+ - uL  (7) 
and then express equality (5)1 by two inequalities. 
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Thus, taking into account (7) in (5) we can finally formulate the incremental problem under 
consideration i the standard form of the linear complementarity problem 
Dx ~ + y~ = bL 
(8) 
x ~/> O, y~ t> O, (x~) T.y~ = O, 
in which the following notation is used: 
o o CTM I ¢ 
D = 0 0 0 CTM I '  = uL | ' p~ 
-- MTN MTc  -- MTc  - MTE - 1M]  ~ I t -  1 
for k ~-1 = k + H2 ~-1, 1~, -1 = l + MTn~, -1 
In the numerical solution of LCP (8) for the examples presented below we have used the principle 
pivoting method as described by Van de Panne 122,1 (more specifically, a generalization of 
Dantzig's elf-dual parametric method, the complementary variant). The election of this method is 
motivated by the special structure of the matrix D at hand and good performance ofthis algorithm 
in solving some unilateral contact problems of medium size (about 800 unknowns) [14,1. The 
matrix D in (8) is bisymmetric if matrices H and MTE - 1M are symmetric, and is negative 
semi-definite if - H and - M~E - IM  are so. The algorithm applied is finite in the sense that it 
terminates after a finite number of steps each of which is in fact based on the Gauss-Jordan 
elimination. As an alternative to the pivoting methods, the iterative algorithms were proposed by 
Mangasarian 1-18,1 for the symmetric LCP and then generalized to the case in which the matrix 
D may not be symmetric by Ahn [1-1. A review of computational performance of some iterative 
schemes is presented by Cottle [5], wherein the assumption that the matrix -D  has positive 
diagonal entries is essential. 
4. Numerical examples 
In this section we present some numerical results for an elastic-plastic beam-foundation system. 
We have modelled the system by applying beam elements to the beam and truss elements to the 
foundation, the latter are situated at the beam nodes, see Fig. l(a). For both materials of the system, 
the bilinear elastic-plastic constitutive law was used, Fig. l(b), defined by the following quan- 
tities, respectively, for the beam: Young's modulus E = 2.05 × 105 MPa, plastic modulus H' = 
1.025 × 104 MPa, yielding moment of the ideal 1-cross section Mr = 0.28 MNm, moment of 
inertia I = 1.852 x 10-4m 4, and for the foundation: Young's modulus E = 50.0 MPa, plastic 
modulus H' = 20.0 MPa, yielding normal stress ar = 0.10 MPa. 
For the finite element approximation of this unilateral elastic-plastic constant problem we have 
employed a mixed model in which the fields of displacement u(x), stress a(x), and plastic multiplier 
2(x) are approximated individually. The displacement within a generic beam element is approxim- 
ated by standard cubic shape functions 
u(x)  = 7. u, 
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Fig. 1. (a) Finite element idealization of the beam-foundation system. (b) Bilinear constitutive law for the constituents of
the system. 
where #U(x) is a 4 x 1 vector and u = (ul, U 2 = 01, /'/3, U4 = 02) T denotes the values of displace- 
ments and rotations at the element's nodes 1 and 2, cf. [2]. The stress (bending moment) within the 
element varies linearly, 
0"(x) = (,l,'(x))*.,, 
with a = (al = M1, 02 ~ M2)  T. In the case of the utilized constitutive law, the field of the plastic 
multiplier has two components, ~,(x)= (21(x), ,~,2(X)) T, with 21(x) corresponding to the positive 
stress and 22(x) to the negative stress (the negative part is not shown in Fig. l(b)). The linear 
approximation of this field reads 
~(.) = ~x,(*)~ = +~(~)~ 
with the notation 
+~(.) = [¢I~(.)+~)(.) o 0 ] 
0 ¢~')(x) ~2'(x) ' 
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Using the assumed approximations one obtains, for a typical beam element of length L and 
rigidity El, the following form of the matrices which define problem (8): 
• Compatibility matrix C 
C= (~,,)'r _~ ~"dx= L1/L 0 -1/L " 
• Inverse of the stiffness matrix E 
f0 E-1 = (~a)T  #*dx . . . . .  6EI - 1 " 
• Matrix N 
N=fLo(~,,)T[l_l]~adx= L[  2 - -1 - -2  12] 
6 -1  2 1 - 
Hardening matrix H (kinematical hardening by Prager's rule) 
2 1 -2  -1  l 
H= H'I f~(~)T[-- ll - l l ]~adx  = _H~L -21 -12 21 2 .1 
-1 2 1 2 
• Vector k 
k = (4 )  Mr  - 2 1 " 
1 
Matrix M for a beam element was defined in the form 
['0 ,00]  
M= 0 1 -- ' 
which corresponds to the assumptions that the one-dimensional clearances (linear displacements 
and rotations) are concentrated at the element nodes only. 
The linear approximations applied to the truss element lead to similar but simpler expressions 
for the relevant matrices in the case of the foundation. 
We have analysed four examples shown in Fig. 2, which are obtained by successive modifications 
of Example 1. 
Example 1 represents an elastic-plastic beam loaded with its dead load p = 0.0064 MN/m and 
the concentrated force Pc(t) which is gradually increased from 0 to 0.45 MN. In Example 2 there is 
additionally the elastic-plastic foundation, situated below the beam for x e (0.00, 7.50 m) with gap 
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Example  1 
A 
I pe(t) / p=0.0064 MN/m 
,N~ l l l I / I & l l I 
c D 
,_ 3.00m _,_ 3.00m _, _ 1.5Ore_, 
i - - - l - -  - - i - -  - -  i 
Example  2 
Peg) :o 7 o.45 MN 
0.020 m 
0.015 m 
Example  3 
o.oi %(t) 
0.01 
Example  4 
Pc (t) ,,~,,,,,y,,,,] po(t ) 
~ , , , -~  + ~ ~ + 1 
IIAX,~IA~IAVIAVIAYtlkVIAX) I VIXXYlAXYiA'OyAVIAk'~/ I V/AV/A" 
Fig .  2. The considered examples,  obta ined by successive modif icat ions of  Example 1. 
l + = 0.015m and above the beam for x e (6.00 m, 7.50 m) with gap l- = 0.020 m. In Example 
3 there is an additional rotation constraint at support A, l + = l- = 0.01 rad. The difference 
between Example 4 and Example 3 is in an extra concentrated force PD(t), 
0 if Pc < 0.28, 
Po(t) = ½Pc if Pc >1 0.28. 
The beam was divided into 15 elements with length of 0.50 m, while the foundation was represented 
by 16 truss elements. The diagrams of displacement, contact stress and bending moment are shown 
in Figs. 3, 4 and 5, respectively, and they are plotted against point load Pc. 
The force-displacement diagram at point C of Example 1 reflects directly the bilinear constitutive 
law used, see Fig. 3. In the other examples the characteristic features of the unilateral elastic-plastic 
contact problem are demonstrated. First, in Examples 2-4 the beam starts contacting the founda- 
tion for Pc equal to 0.11 MN (Uc = 0.015 m), cf. Figs. 3 and 4. This contact results in the stiffening 
observed up to Pc = 0.285 MN at which plastic strains occur in the middle part of span A - B. In 
Examples 3 and 4, the beam-foundation system is additionally stiffened due to the rotation 
constraint at support A which becomes active for Pc ~ 0.235 MN. In Examples 2 and 3 the beam is 
also in contact with the upper obstacle at point D when Pc ~> 0.365 MN and Pc >>- 0.410 MN, 
respectively. The application of force PD causes plastic unloading in the foundation under point C, 
cf. Fig. 4, and decreases the moment reaction at support A, compare Ex. 3 and Ex. 4 in Fig. 5. On 
the other hand, Po induces plastic strains in the beam at support B, which first occur at 
A. Gawecla', M.S. Kuczma /Journal of Computational nd Applied Mathematics 63 (1995) 313-323 321 
Z 
v 
0 
0 
0.5 
0.4 
0.3 
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0.0 
0.00 0.01 
Ex.3 
o.6z 0.63 0.~4 o.65 
d isp lacement  uc (m)  
Fig. 3. The force-displacement diagrams at point C for Examples 14.  
Z 
0.5 
o.4 
c~ 
0 
0 
0.3 
0.2 
0.1 
0.0 O.rl 0.'2 
contact  s t ress  
Ex.3 
. .2  
o .~ o .'4 
at  C (MPa)  
Fig. 4. The development of the foundation pressure under point C. 
Po = 0.2075 MN (Pc = 0.415 MN). In the analysed Examples 2 and 3, the effect of the rotation 
constraint at support A on the displacement and the contact pressure at point C is quite apparent 
as can be seen in Figs. 3 and 4, although it is not very pronounced for the bending moment Mc in 
the middle for span A - B, cf. Fig. 5. All the calculations were performed in double precision on 
a PC 486. In the examples considered, the size n of the LCP was equal to 274, while the number of 
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0.5 
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0.2 
0.1 
0.0 
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Ex .4  Ex .3  Ex .3  
-Ma / Mc 
. .~  ~ Ex . I  
' O l  ' 02  ' 03  ' 0 .4  
bend ing  moments  Mc,MA (MNm) 
Fig. 5. The development of he bending moment at C for Examples 1-4, and the moment at support A for Examples 
3 and 4. 
the iterations varied with the load level, being about 1.5 × n to 2 × n for small loads and 1 × n to 
0.5 x n for large ones. 
Finally, we wish to point out that the presented formulation of the unilateral elastic-plastic 
problem has the advantage that the additional characteristic unknowns of the problem, i.e., the 
contact zone and the plastic zone, are determined automatically by solving the linear comp- 
lementarity problem (8). The formulation is given in incremental form in order to cover the case of 
nonproportional loading (unloading/reloading) of a slackened elastic-plastic system, cf. for instance 
Example 4. In such a case the problem is actually treated as a series of holonomic problems. If the 
elastic-plastic deformation process of a slackened system is holonomic, then the true state of the 
system at a given load level can be calculated irectly by solving LCP (8) at this load level. 
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